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1. No Five
If the two numbers are a and b in descending order, then we have a+b=3a-3b, so a=2b. We also have that a+6=4b, so 2b=6, hence b=3 and a=6. 

2. Random Digits
If the three digits I draw are a, b, and c, then my number is 100a+10b+c, which is equal to 10(a+b+c), so immediately c=0. Then 10a+b=a+b so a=0 also. Any multiple of ten under 100 clearly satisfies the desired property, so my number is (0)10. 

3. Clocking Up
When adding three consecutive numbers around a clock face, we can write it as N + N+1 + N+2 – 12M, where M is either 0, 1, or 2, depending on how many of N+1 and N+2 are greater than 12. 

Our sum, S, is S = N + N+1 + N+2 + K – 12M = 3(N+1) + K – 12M. S is divisible by 12, so must be divisible by 3, so K is divisible by 3 as well. K is even and greater than 6 too, so K=12. 

S is also divisible by 4, so N+1 is divisibly by 4 and is the middle number of the three consecutive numbers. N+1 must be either 4 or 8, but if it is 8, then the numbers are 7, 8, 9, 12, so none are less than 6, so the numbers must be 3, 4, 5, 12, which means that S=24. 

4. That’s Sum Product
If the two numbers are x and y, then we are given that x + y = xy, so we subtract x from both sides, factorise out the x, and divide through by the thing that x is multiplied by on the right-hand side, which leaves us x = . Note that the symmetry of the equation means that had we rearranged for the other number, we would get the same answer.

5. Consecutive 600
We can see that a(a+1) = 600, so as 202 = 400 < 600 < 900 = 302, a will likely be between 20 and 30. Since 600 is divisible by 5, then either a or a+1 will be divisible by 5. Given the observation above, try dividing 600 by 25, and we get 24, so a = 24, and a+1 = 25. Hence, their sum is 49. 

Alternatively, we can use the quadratic formula to solve 
a2 + a – 600 = 0, but we need to spot that 2401 = 492.

6. Consecutive Dimensions
The side lengths are a-1, a and a+1, so the surface area will be 
2(a(a-1) + a(a+1) + (a+1)(a-1)) = 214, which implies 3a2 = 108, so a = 6cm. The volume of the cuboid is then 5 × 6 × 7 = 210cm2.

7. Fibonacci Divisibility
First we notice that N must be even, and that N is not divisible by three. Then we use the fact that 3N+2 is divisible by 5, hence 3N+2 must end in a 5 or a 0, thus 3N must end in a 3 or an 8. 

This must mean that either N ends in 1 or it ends in 6. Since N is less than 20, the only options are 1, 6, 11, or 16. We saw that N was even, and not a multiple of 6, N can only be 16. 

8. Square Over
First we must consider the size of the small square missing from the shaded area in the middle. If we say that the side length of the identical squares is x, then (for x > 1) the square in the middle has side length 2(x-1). This means that the shaded area 
A = x2 – [2(x-1)]2 = - 3x2 + 8x – 4. 

To maximise this quantity, we will complete the square of A, which gives  maximised at
 . Hence our answer is 4/3. 

9. Angles Galore
We know that, if the angles are A, B, and C, we have the equations A+B+C=180, and AB = 800, and A=2B. The last two give that B2=400, so B=20, and hence A=40. Therefore, using the first equation, we have C=120 as the final answer. 

10. Fruit Salad
Multiplying the first equation by two gets us 4 apples + 6 oranges + 8 bananas = £10. Then, subtracting this from the second equation, we get 2 apples + 2 oranges = £2, so 1 apple and 1 orange costs me £1 in total.

11. Tri-pezium
First notice that the only way to stack similar trapeziums and not get more edges is to have them look the same i.e. you don’t twist them around. 

The next thing you must see is that to get a triangle, there must be an infinite stack of these trapeziums. To see this more clearly, try drawing an isosceles triangle and drawing lines inside it parallel to the base, with the lines you draw getting closer together. 

Now, if you were to remove the bottom trapezium, we have a copy of the original picture, but smaller, which means we can write

 as each side is simply the ratio of the bottom trapezium over the height of its respective triangle. 

Solving by equating the bottom of the fractions (as we shall assume that h isn’t 0) gives us  which implies  .

12. Double Triangle
A simple diagram will show that the lower triangle has a base of 1 and a height of 2, so an area of 1, hence the upper triangle has an area of 4. 

Since also the gradient of the hypotenuse line is the same for both triangles, the triangles must be similar, so the height of the upper triangle must be twice the length of the base. 

Letting b be the length of the base, the area of the upper triangle is  so b=2, thus q=4. 

13. Jamal Rules
If the first three terms are a, b, and c, then 
8 = a + b + c, 13 = b + c + 8, so 8 – 13 + 8 = a = 3.

14. The Best Saint Won
Let x be the number of games that St John’s won, and y be the number of games that St Chad’s won. We have x = 8y and 
x – 2 = 2(y – 2), so we have 6y = 6, so y = 1, and hence we have that x = 8. Therefore, St John’s beat St Chad’s 8-1! Go John’s‼














NUMBER

15. Square Prime
The list of numbers that when squared are under 50 is simply the numbers up to seven. Of those, 2, 3, 5, and 7 are all prime. However, 4 is 22, so has only one prime factor as well. The number of numbers is then 5.

16. Number Wedding
Seven cannot be made of a number of threes and a number of fives, as it isn’t a multiple of either, and if you have one five and one three then you get 8. So, try making 14 in a similar way. We find that there is a way to do this, as 3 × 3 + 5 = 14, so the fewest number of guests is 14. 

17. Cutting Edge Product
Firstly, we should break down all the numbers into prime factors, and note that the same combination of primes must be along each side. In total, the product of all the numbers is 27 × 32, but since we need the same on each side, we need the exponents to be a multiple of three after we account for the repeats (things get repeated if they are on a corner, as they get counted twice).

To make sure there are the correct number of threes, either 3 or 6 must be on a corner, and to make sure that every side has a three (as there will be three threes in total), we put the other one on the centre of the opposite side. 

To make sure that there are a correct number of twos, we must either get to 9 twos or to 12 twos. If 6 is already on a corner then we have one more two, but we need a 9th so the other two corners have 2 and 1 on them, or they have 2 and 8 on them to get 12 twos in total. 

For the former of these ideas, we would have 1, 2, and 3 on one side, which doesn’t even get to 8 as a product, so not all the sides are the same. For the latter suggestion, we have 2, 3, and 8 on a side, which has a product of 48, and indeed if we put 1 between 6 and 8, and 4 between 6 and 2, then all sides have a product of 48. 

This is the first solution: (6 1 8, 6 4 2, 2 3 8 on the three sides).

If we had put 3 on the corner and 6 on the opposite edge, we can have either 4 and 1 or 4 and 8 on the other two corners. Like before, one of these options has a side that cannot have a product equal to the other two, but this time it is the latter, as having 4, 6, and 8 on one side is far too much. However, with 4, 6, and 1, we can indeed make all sides have a product of 24, by putting 8 between 1 and 3, and 2 between 4 and 3. 

This is our second, and final, solution: (4 6 1, 4 2 3, 3 8 1 on the three sides). 

18. Consecutive Properties
15 happens to be an odd triangular number, where the number that is two fewer is a prime (13). The prime and the triangular number had to be odd as they are either side of an even number, we could only try 1, 3, 15. 1 isn’t prime, so 3 doesn’t work (and we can’t use 1 as there aren’t positive number that are less than it), so it had to be 15, and so the other numbers are 14 and 13, so their product is 2730.

19. Up to a Half
The value of the bracket is 0.2. 
0.2 ÷ 0.5 = 2 ÷ 5 = 0.4. 

20. As a Decimal?!
Writing everything as fractions split into prime factors gives us that the quantity is .

21. Calculation Order
X = 0.7, Y = 0.75, Z < 0.6 × 0.5 = 0.3, so the order is  YXZ.

22. Smallest Digit Sum
To have the smallest positive integer, we need the fewest number of digits, so we need each digit to contribute as much as possible to the digit sum, i.e. at most, one digit is not a nine. To then make this number as small as possible, the first digit must be as small as possible, so the first digit is the one that is not a nine (we know there is one as 2019 isn’t divisible by 9), hence the final digit will of course be a nine. 

23. Truth Sometimes Tells
Exactly one of the first and second people are telling the truth, and at most one of the third and fourth people are too. Hence, either one or two people are telling the truth. If it were just one, then the first person and the fourth person would be telling the truth, which is a contradiction. Therefore, it must be two people, and we see that the two people are the second person and the third person. 

24. Secondary Number
Firstly, we need to work out the largest number of digits we can have in our secondary number. It is worth trying to use two digit primes to make our N, as that is a good way to get more digits in the secondary number. Immediately we see that since 11 × 13 > 100, we can only have one two-digit prime factor. 

Since 2 × 3 × 11 = 66 < 100, we can have four digits, but 
2 × 3 × 5 × 11 > 100, so we cannot have five digits. 

Then, we must try and get the largest four-digit number. 
Since 2 × 7 × 11 > 100, we cannot have seven as a factor. We have a similar problem if we replace the seven with a five. We have seen that we can get 2 × 3 × 11, but can we increase this? Swapping 11 for 13, get us an improvement, as we have 2 × 3 × 13 = 78, but also note that 2 × 3 × 17 = 102 > 100, so the numbers we will use are 2, 3, and 13. The largest number we can make is 3321, and the answer to the question, the two-digit number that gives the largest secondary number is 78.

25. Integer Search
The denominator is equivalent to (32)3 = 36. So, cancelling 6 threes from both top and bottom of the fraction, we get that the expression given is equivalent to 33 = 27. 

26. Perimetangle
Notice that 12 = 6 × 2, where 6 and 2 are two factors with one factor three times larger than the other, hence, we can take 12 rectangles and arrange them six wide, and two tall. This will make a square. 

Let k be the height of the rectangle i.e. the length is 3k. The perimeter of the square is 4 × 6k = 24k. The perimeter of the rectangle is 3k + k + 3k + k = 8k. 

Hence, the ratio of the perimeters is 3 : 1.

27. Squirrels are Red, Scotland is Blue
120 000 is 75% of the UK population, so 25% of the UK population is 40 000, hence the whole UK population is 160 000. 

Therefore, the rest of the UK has 160 000 – 120 000 = 40 000. Thus, there are 80 000 more squirrels in Scotland than the rest of the UK.

28. Prime Triangle, Squared!
Firstly, all the options use 3 so neither the square, nor the triangle, can have a 3 in them. Squares are easiest to work with, and we write all the squares less than 100 that are above 40, so after removing all the ones with digits we are not allowed, the square must be 64.

Next, write out the triangular numbers, the last of which will be 91. Since 4 has already been used, 45 cannot be the triangle, so it must be 78.

The remaining digits are 3 and 5, hence the prime is 53. 

29. Cubic Fraction
First noting that 203 = 8000, we see that there are 20 numbers that will be cubed that will end up less than or equal to 8000, so there are exactly 20 cubes less than 8000. 

The fraction of integers that are cubes up to 8000 is .

30. Fly Fly
The trick here is to notice that the fly is travelling at a constant speed, so we could calculate the distance if we can work out the time until the car crashes. The car will crash after 1/20 hours, which is three minutes, which is 180 seconds. Hence, the fly travels 
180 × 20 = 3600m = 3.6km. 

31. Strong Bridge
People without prams or wheelchairs have the most weight per unit area, so we need to find the maximum number of people who can fit onto the bridge. 
The bridge has a usable area of 80m2, so can fit 40 people, which would weigh 2800kg. 
The bridge has been designed, therefore, to hold 150% of 2800kg = 4200kg in total.

32. Summer Job
I work for 5 weeks and an extra Monday, so I do ten 7hr days, and sixteen 6hr days, so I do a total of 166hrs over the summer.















GEOMETRY

33. Ashapers Assemble
We have AD = 1 and AB = 2. CD2 = 12 + 12 so CD = √2. BC = √(22 + 12) = √5. Hence, the perimeter is 3 + √2 + √5.

34. By the Apple Skin of Your Teeth
We can use Pythagoras’ Theorem to first find RQ2 = 4 – 1 = 3, so RQ = √3. Then PQ2 = 3 + 4, so PQ = √7.

35. Side Splitter
Let sin(∠QPS) = A. Then . We also have that . Finally, we must also note that, since , that . 

Combining all this, , so by squaring, we have , so . As A>0, . 

36. Tricircle
[image: ]In the diagram, P, Q and R are the vertices of the triangle; S and T are both centres of a semicircle; U is a point where two semicircles touch and V and W are points where a semicircle touches the triangle. 

So, angles PVS and TWS are right angles, since a tangent to a circle is perpendicular to the radius of that circle at the point of contact. Also, the line joining the centres of two touching semicircles passes through their point of contact, so SUT is a straight line and has length 2. 

Note that ∠VPS = 60°, and so ∠PSV = 30°. Note also that ST = 2, TW = 1 and ∠TWS is a right-angle, and so ∠STQ is a right angle. 

From triangle SPV, we see that  and so . Similarly, from triangle SQT, we see that SQ = . 

Therefore, PQ = . 

37. Heptagon Sum
p = 180 – q, 2r = 180 – p, so r = q/2 = s, by symmetry, and of course t = q. Hence, 
p + q + r + s + t = 180 – q + q + q/2 + q/2 + q = 180 + 2q.

38. Side : Ratio
The line MN divides the triangle ABC into a triangle AMN and the trapezium ABNM. Note that the two triangles mentioned are similar, since the two bases are parallel so the bottom two angles are the same, as is the third angle (as it is a shared angle). 

AMN has a side length that is 2/3 that of the corresponding side in ABC, so AMN has an area that is (2/3)2 = 4/9 of the area of ABC, hence the trapezium has an area that is 5/9 of the area of ABC.
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